Quiz 8.4/Practice Problems 8.7

1 Quiz Problem 1

1. Calculate [ —s—=%— dx.

3 —3x242x

We’ll decompose to make it easier to integrate. First we factor the top and bottom and cancel

common factors:

- —r
x3—3x242x

—x o —x _ —1
z(z2—3z+2) = z(z—2)(z—1) = (z—2)(z—1)
Now we set up our decomposition:
-1 _ A B
G—2)(z=1) — 7-3 T -1

Now multiply by the denominator (z — 2)(x — 1) on both sides:

—-1=A(x—-1)+ Bz —2)
Subbing in 2 = 1 yields the equation —1 = B(—1) so B = 1, and subbing in x = 2 yields A = —1. Thus

fmdx—f%—&—m—ildm:—ln\x—2|+1n|x—1|+0 T;H—C’

2 OR Quiz Problem 2

2. Calculate fm dz

We’ll decompose m Note the top and bottom are already factored, so we’ll set up our decom-
position:

__ Az+B C
€ 2—‘,—1)(a: 2) T x?+1 + r—2

Now multiply by the denominator (z% + 1)(x — 2) on both sides:
1=(Az+B)(x —2)+C(2® +1)

Setting x = 2 yields 1 = 5B so C = 1/5. To find A, B, look at the highest and lowest degree terms on
the right.

The coefficient of 2 on the right is A + B, so equating this with the coefficient of 2% on the left (there
is none), we have A+ C =0,s0 A= —-C = —-1/5.

The constant term on the right is —2B + C, so equating this with the constant term on the left, we have
—2B+C =1. Thus —2B+1/5=1,s0 —2B =4/5,s0 B = —2/5.

Then,
1 —z/5-2/5 1/5 1 [ x+2 1
/(z2+1)(x—2) v / 241 z_2®™ 5/172—1—1 /x—Z v (1)
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1
= / farctan() 51n|x—2|—|—C



To do the integral f—%fz%ﬂ dr we'll do a u-sub u = 22 + 1, so du = 2x dz, or du/2 = xdz. Then

—i [ =15 ) £ du=(=1/10)In|u| + C = (=1/10) In |2 + 1| + C, so:

IWM dr = —%f%ﬂ dr—1 [ 25 de+i [—L5 do = (—1/10)In(2?+1)— £ arctan(z)+ 1 In[z—2|+C
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and we’re done.

3 Practice Problems:

4 Problem 1

Determine whether foﬂ csc? x dz converges. If it does, determine the value of the integral.

Note that csc>x = 1/sin?z and sinz = 0 at 0 and 7. Thus, we are dealing with an indefinite integral.
Since there’s a problem at both ends, fix 0 < D < w. We’ll show that neither fOD csc? z dz nor fg csc? x da

s .
converge, so that fo csc? x dr cannot either:

f: f dz converges <= there’s a number D (a < D < b) so faD f dz and f[b) f dz both converge.

. D
First we show fo csc? ¢ dz doesn’t converge:

D D
esc® x dz = lim esc? x dz = lim [—1In|cscz + cot z|)?
0 a—0t

a—0t J,
= lim —In|cscD + cot D| — [~ In|csca + cot al]
a—07t
1
= lim ln|w|—ln|CSCD+COtD|
a—0+ sina
1
= In( lim |m\) —In|cescD + cot D| = o0

14cosa

2084 = 00 and limg o0 In2 = o0.

Since lim,_,o+ |

Now we show fg csc? x dz doesn’t converge. Well,

g b
/ csc?x dr = lim esc®> x dz = lim [—In|cscz + cot x4,
D b—m— D b—m—
= blim —In|cschb+ cotb| — [—In]|csc D + cot D]
—m
14 cosb

lim In|escD + cot D| —In|—
b—m— S

inb |

) 14 cosb
=1In|cscD + cot D| — In( lim |————|)
b—sr—  sinb
Note limy_, - 1;‘;0;{’ = %, so we apply L'Hopital’s rule: lim,_, - 1‘;‘;0;{’ = limy_, .- _C;isnbb =0.
Thus limy_, .- In |1J;07rf’b5b| = lim._,g+ Inc = —o0.
Therefore,
In|csc D + cot D| — In(limy, .- |1E28)) = .

. : D
Thus [ csc® z dz diverges, since [, csc? x dz = oo = [[ csc® x dx for any a < D < b,



5 Problem 2

13221
0 z3—=x

Determine whether dx converges. If it does, determine the value of the integral.

Note that 1@2’1 has asymptotes at * = £1, and x = 0. Since x = 0 and x = 1 are in our bounds, we

—X

are dealing with an improper integral. Let’s turn it into limits:

1 2 b 2
dz° —1 3z —1
/ i dr = lim lim ° dz (13)
0

a3 —x a—0tbo1- J, x® —x

Note also that [ 3;@,2:; dz is solved by a u-sub if u = 2® — z, du = 32? — 1dz, so [ 3;%2:; do = [Ldu =
In(z® —z) + C.

Fix 0 < D < 1. We'll show that neither fOD 3;32:; dz nor [ L17 %r%z:ml dz converge, so that fol 3;"@,2:11 dz cannot

either (flf f dx converges <= there’s a number d (a < d < b) so fad f dz and f; f dz both converge).

D 2 D 2
-1 -1
/ 3af;7dx: lim 33;7% (14)
0o x> —x a—0t J, 7 —T
= lim [In|z® — 2[]? 15
Jim, i ja? — )] (15)
= lim In|D?* - D| —Inla® — a| = (16)
a—0t

. . . . . b 342
Since lim,_,o+ —In|a® — a| = lim,_,o+ —Inc = oco. Similarly one shows that lim;_, ;- fD ?;’ﬁ,-_zl dx does
not converge:

1q.2 b q..2
-1 -1
/ 33337 dz = lim 3x3 dz (17)
D I’ —Z b—=1- Jp X —X
= lim [In|z3 — z[]%, (18)
b—1—
= lim In|p® —b| —In|D® — D| = —o0 (19)
b—1—

6 Problem 3

Determine whether fol \/% dt converges. If it does, determine the value of the integral.

Note the integrand only has a singularity at the endpoint ¢ = 0. since v/e0 —1 = /0 = 0. Then we’re
dealing with an improper integral:

t = lim (20)

1 t 1 t
/ _c dt = / _c dt
0o Vet —1 a—0t J, Vet —1
Note also that the integral [ \/% dt is solved by a u-sub if u = e — 1, so du = e dt:

[ G =] Jrdt=2/u+ O =2/ —T+C



Then, we have

and so fol \/% dt = 2v/e—1

li / Ll
1m y—
a—0t J, Vet —1
lim [2Vet — 1]}
a—0+

lirn+2\/e1 —1—-2Ver —1=2/e—1
a—0



